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ABSTRACT

¢
;zé04

The geometry in the v!v" plane of Condon loci of diatomic
molecular band systems is studied. Using both simple harmonic
and Morse potential models it is shown that for most band systems
the largest contribution to the overlap integral of the vibrational
wave functions of a transition is from the coincidence of a single
pair of antinodes of the wave functions. The coincidence of a
pair of terminal antinodes describes the primary Condon locus,
while the coincidence of a terminal and an internal antinode
describes a subsidiary Condon locus in cases where the loci are
nested.

A single pair of coinciding antinodes does not control the
magnitude of the overlap integral in band systems where Are is
either very small ( < 0.01 X) or very large ( 0.3 R). Thirteen
band systems are examined with A Te ranging from zero to 0.4 R.

It is shown that the location of strong bands in the v!v" plane

can be predicted with reasonable accuracy without the computation

of Franck-Condon factors. /égt//
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CHAPTER I

THE FRANCK-CONDON PRINCIPLE

IN DIATOMIC MOLECULAR SPECTROSCOPY

1.1 Introduction

The interpretation of emission and absorption intensity
measurements of atomic and molecular spectra is an important
part of contemporary astrophysics, space physics and laboratory
atomic and molecular physics.

Spectral intensities are controlled, apart from population
and energy quantum factors, by the transition strength S, In
the general case this is the square of the quantum mechanical

matrix element of the dipole moment,

? 1.1)

5 = HLP iMWLd'r

In the case of one rotational line of a diatomic molecular spectrum

it is

) 9y (1.2)




Al JU - )
where S J is the Honl-London factor or line strength, Re(r)

1 £
is the eigétionic transition moment which can be related to the
"band-system strength", and Qy 1yt is the Franck-Condon factor
or band strength. The Honl-London factors are well known simple
polynomials of J and /. . The electronic transition moment is

the matrix element of the electric dipole moment with respect to

the two electronic wave functions involved:

ot

Re(r) = S HJ u,el Mel\‘\J L,el dTel . (1.3)
The Franck-Condon factor is the square of the overlap integral of

the vibrational wave functions involved:

2

g Wyt Y oyn dr : (1.4) ;

Qi tyr =

This factor exerts the dominating control on the distribution of
integrated band intensities over a band system. The Franck-Condon
factor array may be represented as a three-dimensional surface (see
fig. 1.la) which is strongly undulatory with a series of ridges
often roughly symmetrical about the line v! = v". The ridges
represent the potentially strong bands. The projection of the
ridges on the v!v" plane is a series of nested open curves (see
fig. 1.1b) called Condon loci.

It is the purpose of this thesis to discuss the circumstances
which control the geometrical properties of the loci. Such a study
has obvious applications to the identification of molecular spectra

and to the prediction of the positions of other strong bands of

a system which is only known fragmentarily.
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1.2 The Intensity Distribution in Band Systems of Diatomic Molecules -

Condon Loci

If the observed bands of a system are pléced in a two-dimensional
array of vibrational quantum numbers v! and v" (Deslandres Table),
it is noticed that for nearly all transitions the most intense fall
on distinct quasi-parabolic loci. The successive loci lie one
inside the other and are said to be nested. The outermost locus
relates to the strongest bands of the system and is known as the
primary Condon locus. The inner loci are the subsidiary Condon
loci. The loci are clearly illustrated in table 1.1 by the intensity
array of the Mg0 B1Z - AtTT system. For some transitions the loci
degenerate into a single diagonal line. Further, for a few other
transitions the loci appear as parallel diagonal lines, the main
diagonal (v' = v") relating to the most intense bands.

The loci of intense bands are close to the loci of high Franck-
Condon factors, the proximity being governed by the accuracy of the

vibrational model used in their calculation.

1.3 The Franck-Condon Principle and Franck-Condon Factors

The mechanism of photodissociation of a diatomic molecule was
discussed qualitatively by Franck (1926) in a study of the strongest
bands of a system. He explained that a spontaneous electronic
transition affects neither the position nor the momentum of the
nuclei directly, for the electronic rearrangements occur much more
rapidly than nuclear rearrangements. Thus the instantaneous inter-

nuclear separation and nuclear momentum remain unchanged in a
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6
spontaneous transition. Such a transition is represented (fig. 1.2)
as a vertical line from a point on the lower»curve to a point on the
upper curve on a potential energy diagram. The respective points
on the potentials are the classical turning points of the vibrational
motion.,

Condon (1926) qualitatively extended the theory to band systems
in emission showing that the preferred bands lie on a quasi-parabolic
locus on the v'v" plane (the Condon Parabola). Jenkins et al. (1927)
found that most of the observed B bands of NO lie close to the
predicted Condon Parabola. A few bands however were found to lie
inside this locus, and no explanation was advanced at the time.
Condon (1947) recalls that following the introduction of wave mechanical
ideas by Schrddinger he was able (Condon 1928) to associate the
intensity of a band with the square of the overlap integral of the

vibrational wave functions of the initial and final states, i.e.

I j\+’v' v dr | %2 . later Bates (1952) suggested that it be
called the Franck-Condon factor. It is often denoted symbolically
by Qayn aS in eq. 1.4.

Franck-Condon factor arrays have been calculated for a large
number of transitions for a variety of molecular potential functions
using many different methods, e.g. by Hutchisson (1930), weldi (1934),
Gaydon and Pearse (1939), Pillow (1949), Aiken (1951), Jarmain et al
(1955), Nicholls (1962a), Jarmain (1963) and Flinn et al (1964) to
name only a few. In all cases, except those studied by Wehrli,

large values of the factor were found to lie on nested loci and to
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be associated with strong bands, the outer one being called the
primary Condon locus and the inner ones subsidiary Condon loci,
though in sone cases the loci were confined t§ the v! = v diagonal.
The study by Wehrli was of the simple harmonic oscillator model,
the initial and final states having the same equilibrium internuclear
separation, In this case there is complete cancellation in the
overlap integral of pairs of vibrational wave functions of odd
difference in vibrational quantum number. Wehrli concluded that
this situation is not in accordance with the classical Franck-Condon
Principle. It follows that this case is not in accordance with the
semi-quantum form of the principle discussed in this thesis.

The following chapters of this thesis show the relevance of
the Franck-Condon factor to the intensity of a spectral band and
the distribution of intensity in a band system. The semi-quantum
form of the Franck-Condon Principle advanced to account for the
geometrical aspects of the distribution in the v!v" plane is dis-
cussed, and examined for a number of band systems using simple

harmonic and Morse molecular models.




CHAPTER 2

CONCEPTS

2.1 Band Intensities and Franck-Condon Factors

The concept of transition probability which controls spectral
intensities is reviewed in this chapter. The distribution of
intensity in a band system of a diatomic molecule is controlled
in a large part by the degree of overlap between the vibrational
wave functions of the upper and lower levels of the transition as
asserted by the Franck-Condon Principle and explained in the
introduction.

The intensity IuL of radiation of the energy quantum E
emitted from an optically thin gas is proportional to the probability
of this transition, the population of the upper state N, , and the
energy quantum. Thus

Ly =Ag Ny By, (2.1)
where A,j is the Einstein A coefficient, the spontaneous transition
probability.

The Einstein A coefficient is defined (see Allen 1962) in terms

of the line strength S, by
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_eamt 53
3hc3 ul

g, AL SuL (2.2)

where g, 1is the statistical weight of the upper state, u, \)uL is
the frequency of the quantum of energy E,;, and S, is the transition
strength which may be separated into parts dependent on the electronic

and vibrational motion and the rotational motion viz.

JUA

S = § S 2.3
uL vivt Jupn ( )
Sytyn  is known as the band strength and is given as
2
Sytyn = IJWV' Re(r) L“)V" dr s (2.4)
where Re(r) :~[LP ; el(zi , T) MelLP L,el(zi’ r) dT . . (2.5)
2

TAL -
SJ A is known as the Honl-London factor and has been tabulated for
J'!.l A'JJ

all important transitions as simple functions of J and /\ (see

Herzberg 1950). However in the discussion of integrated band inten-
ITAL

sIAY g 2. TN

rogn AT Jt Jup
statistical weights of the J! and J" levels respectively and equal

sities Zi:p are required. They are the

to 2J' + 1 and 2J" + 1., The statistical weight of the upper state,

gy» may be expressed in terms of the electronic statistical weight, d:
gu = dy (237 + 1). (2.6)

Hence for one rotational line of a spectrum eq. 2.2 may be written

1J1
AuvlJlAA 641T4 03 uvltJg g SJ' . 2. 7)
Lvtju 3 Lvagn  Sviyh Jnpn 2.
v 3hed dy(2J1+1) .

and an A coefficient for a band defined as
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uvtJ!?
Aviyn = 2%1 ZiJﬁ ALV“J“ (2.8)
4 3 uvtJ! AT
= -1.4.57!—— ZJ' O Lv:ﬂJ'Jl ZJ‘H SV'V“ SjnA" (2 09)
3hev dy 2J1 + 1 N
4
641 Vv 3 l j’ 2
= , R (r) dr (2.10)
1 HJ t A
3hc3du vivt v e q)
where \)v'v" is an average frequency for the v!v" band. Fraser

(1954) showed that although the electronic transition moment varies

markedly with r, an r-centroid, Fv'v" may be defined so that

= 2

’JLPV' Re(r) \,}Jv" dr 12 = Re2 (rv'v") 'fLPV' K,Jvu dr I (2.11)
-rR.2 (& ,
= Rg (rvlv") Qyy 1yt (2.12)

where qytyn is the Franck-Condon factor.
The integrated intensity of a band is thus
64m 4 4 -
Tytyn = 3c3dy \)Vlvm Nyt Rez(rv'v") Qv tyy (2.13)

where Ny 1is the population of the upper level v!. The Franck-
Condon factor varies from band to band by many orders of magnitude,
dominating the effect on the intensity of the distribution of popu-
lation among the levels v! and the variation of the wavelength over
a band system.

The values of v! and v" of strong bands define the Condon loci
on the v!v" plane (table 1.1 and fig. 1.1). In cases where the loci
are nested the outer (primary Condon locus) is closely associated

with the equivalence of turning points of the classical vibrational
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motion because of the large contribution to the overlap integral of
the aligned terminal antinodes of the vibrational wave functions Y .
These functions, iy, , are oscillatory with v+1 antinodes (fig. 2.1).
The terminal loops are considerably larger than the internal loops,
because QJ has greater "wavelength" in the terminal region than
elsewhere. This means that the area under a terminal loop is greater
than that under an internal loop.

The nomenclature used to specify an antinode is shown in fig. 2.1.
The antinode position is denoted by r with two subscripts. The first
is either 1 or 2 depending on whether the antinode is closest to the
left or right-hand turning point of the vibrational motion. The
second subscript is the number, p, of the antinode counting inwards
from the terminal antinode. The terminal, or primary, antinodes
are thus rl,l and r2,l5 the secondary ) and ry 23 the pth o
and rz’p.
An antinode of a vibrational wave function of one electronic
state lying at the same internuclear distance as one of another state
will make a large contribution to the overlap integral (fig. 2.2a)
particularly if the loops are large and of comparable wavelength
(fig. 2.2b). The overlap integral of the two wave functions will be
additionally augmented if other antinodes of the two wave functions

exist in the same region of internuclear separation (fig. 2.2¢).
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Fig.2. Vibrational wave function, v=5
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2.2 Suggested Identity of Condon Loci

The subsidiary Condon loci have a very similar geometrical appear-
ance to the primary Condon locus. As previously mentioned the primary
locus is the result of the large contribution to the overlap integral
by the coincidence of terminal antinodes. It is suggested (Nicholls
1963a) that there is a similar association of antinode pairs giving
the systematic behaviour of the Franck-Condon factors and the regular
geometrical appearance of the subsidiary Condon loci. Each subsidiary
locus is thought to be associated with the coincidence of a terminal
antinode of one vibrational wave function with an internal antinode
of a vibrational wave function of the other state of the transition;
the pth locus being associated with a pth antinode.

The geometrical study of Condon loci is thus based on the cal-
culation of the loci in the v!v" plane of the coincidence of antinode

pairs given by the condition r! = !

r 0
1l or 2, P lor2,1 g

1 n

T op 2,17 Y oor 2, p where p — 1, 2, 3 ... and denotes the
order of the locus. The coincidence of pairs of internal antinodes

1 W

= |
(rl or 2’ p' rl or 2’ p" s P 2}

describe new loci on the v!v" plane, but will lie close to the loci

3 eee 5 P =2, 3 ... ) will not

described above and give additional contributions to the overlap
integral.

The above treatment is equivalent to treating each vibrational
wave function as a series of delta functions of unit value at the

antinodes, and zero elsewhere. This is illustrated by fig. 2.3
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(a)even vibrational quantum number

V=5

(b) odd vibrational quantum number

Fig.2.3 Reduced vibrational wave functions
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which shows both even and odd vibrational wave functions thus reduced.

The wave function is now given by

V= O when r #ry or 2, p

:(J)ml when r = r

lora, p> Veven
(2.14)
= (-1)P when r = r , p , v odd
= (-1)p+1 when r = ry , v odd
3

Calculation of the coincidence of antinodes will in general
yield non-integral values of vibrational quantum numbers. These are
unrealistic but a high value of overlap integral can be expected in

the surrounding region on the v!v" plane.

2.3 Geometry of the Primary Condon Locus

The geometry of primary Condon loci using a simple harmonic
potential has been discussed by Manneback (1951) and Nicholls (1962b).
They have shown that the width of the skewed displaced parabola
resulting from the coincidence of turning points is a function of the
equilibrium internuclear separation, and that the inclination of the
locus to the main diagonal is a function of the harmonic oscillator
frequencies. No similar study has been made of subsidiary loci, or
of the loci resulting from anharmonic potentials due to the algebraic
difficulties. We have however studied the general form of the loci
calculated according to Nicholls! suggestion (1963a) for a wide range
of A r, and wé/wg values for both simple harmonic and Morse

potentials.




CHAPTER 3

CONDON LOCI AND THE SIMPLE HARMONIC MOLECULAR POTENTIAL MODEL

3.1 The Simple Harmonic Oscillator Model of a Diatomic Molecule

The simplest possible assumption about the form of the vibrations
in a diatomic molecule is that each atom moves towards or away from
the other in simple harmonic motion., Such a motion of the two atoms
is equivalent to the harmonic vibration of a single mass point
having the reduced mass (ﬁ&) of the molecule about an equilibrium
position (rg). The wave functions of this vibration are well known
(Pauling and Wilson 1935) and have been tabulated by Gaydon and
Pearse (1939) and Pillow (1949). Sixty-four arrays of vibrational
overlap integral based on SHO wave functions have been calculated
by Aiken (1951) and discussed by Manneback (1951). The simple
harmonic oscillator model is thus very suitable for our study of
the systematics of antinode coincidence and Condon loci.

The Schrddinger wave equation of a simple harmonic system is:

2 2
i—zm + ShT; p&(E—Zﬂ'zj\«Ozxz) =0 (3.1)
X

where x = r - r, , the displacement of the mass point from the

18
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equilibrium position, and V is the vibrational frequency of the motion,
The eigenvalues of 3.1 are

E(v) =hV (v+ 3) (3.2)
where v is the vibrational quantum number taking integral values
(0, 1, 2 ...) only. The eigenfunctions of 3.l are known to be the

Hermite orthogonal functions (see Pauling and Wilson 1935)

g
WY ¢(x) = Ny exp (- : ) Hy (%) (3.3)
where ¥ = o x , (3.4)
ol :4712,.\\) :4'720 /.4_ (Je’ (3.5)
h h
1 1
Ny = | (%)2 1 3
N oV vl , the normalising constant (3.6)
2
and Hy = ( 1)¥ ¢ QXE e~ 52 , the Hermite poly- (3.7)
dg ‘

nomial of order v

The energy level diagram showing the potential energy, the
vibrational levels and the wave functions for a few levels of a simple
harmonic oscillator are shown in fig. 3.1. Antinode positions of
the wave functions are joined and the quasi-parabolic curves labelled
with the appropriate value of p (see also fig. 2.1).

It must be emphasized that the simple harmonic oscillator model
is of limited application. It is a realistic representation of the
motion of a diatomic molecule only close to the equilibrium position

and at low values of vibrational quantum number.




p='0'l 2345|543 2 10
]
\\I |
71
POTENTIAL ENERGY
LOCUS OF TERMINAL
ANTINODES
i LOCUS OF P=2
ANTINODES
\ 49
|
o]
-%-3%:-‘;'40:'23.‘56%%

1§17 =kug (M- )
V-bp=apl $1"P

Fig.3! Antinode loci of simple harmonic oscillator
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3.2 Reduction of Antinode Position to Algebraic Form

In our study it was necessary to specify algebraically the position
of an antinode of a vibrational wave function in order that the coin-
cidence of pairs of antinodes could be calculated. Attempts to find
analytical relations from the wave functions having proved fruitless,
empirical equations of the antinode loci shown on fig. 3.1 have been
developed by Nicholls (1963b). For values of p=1, 2, 3 ... 8 an

expression has been found of the form

v_bp:aplglnp , (3.8)

or |E| _ {Y__'_"_LJ Yny (3.9)
a
P

where aps b P and n, are the empirical constants given in table 3.1

derived by fitting log-log plots to eq. 3.8. From egqs. 3.4, 3.5 and

3.8
_ n./2 n
Voby D kwe) MR e - ), (3.10)
a
P
where k = ﬂJIE_S__,~ . (3.11)
h

The position r of the pth antinode is therefore

-r, . & {i‘ b } l/np (3.12)

I e
2 k W é ap

The former case of eq. 3.12 (rl,p) applies when r { ro (i.e. antinodes

to the left) and the latter (r_, _) when r > r, (i.e. antinodes to

2,p
the right).




Empirical Constants Describing Antinode Loci

P bP
1 0
2 2
3 4
4 6
5 8
6 10
7 12
8 14

Table 3.1

0.809
1.80
2.29
2.79
3.03
3.42
3.51

3.57

1.79
1.38
1.28
1.17
1.14
1.1

1.0

1.0

22
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3.3 Coincidence of Antinode Pairs

It is our aim to assess the validity of the approximate form of
the Franck-Condon Principle which considers the vibrational wave
function as a series of delta functions at the antinodes and predicts
large values of the overlap integral when there is alignment (i.ec.
cquality of r) between one delta function of cach level of the transi-
tion. The primary locus of high Franck-Condon factors on the viv"
plane is known to be associated with the alignment of primary antinodes.
This suggests that the secondary locus may be associated with the
alignment of a primary and a secondary antinode; the pth locus with
the alignment of a primary and pth antinode. We shall therefore

calculate the loci on the v'!v" plane of these cases of coincidence

and compare them with the Condon loci exhibited in tables of overlap

integrals.

The position of the pth antinode of the upper state is ri pt (left)
b4

or r} pt (right) which is given by equation 3.12

2,
. | 3
— 1V - . 1/n
gt Te o e ety O (3.13)
5 coln 2 i
2 pt (kwglz 1 ap?
Similarly the pth antinode of the lower state is at
Ion i
n .ot : 1 ] ‘v V' ~ ban :\ 1/npn (3.14)
L,p" e ke T
v v a._n
2,p" - p

The approximate form of the Franck-Condon Principle under consideration

requires the calculation of v! and v" values when the condition

r . r (3.15)
1 or 2,p! 1lor 2,p"
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is applied, i.e.

) 1/n a 1/n

'
- 1 1
¢ (kwl)2 (kWg)2 ap

r

- 1 n
or tAI‘e _ o+ 1' - {V! bpl) /npl + 1 . {V - b n l/np” (3.17)
(k(de)z ap!? (kub)z apn

The pth locus described above is defined by eq. 3.17 where p'! = 1,

p" = p, and p' = p, p" =1, p=1, 2, 3 .... (This is alignment of

a primary and a pth antinode). Eq. 3.17 then becomes

1/n
vt - b 1 v - b p,l
fArg -t 1 { 1,p} /m1p s _ 1 { le} T (3.18)

(kwd)z U 21,p (kwe)z ap,1
or tAre _ Iga Vl,p%l’p Lok Vp’l«p,l (3.19)
where 1
K - " we)% (3.20)
v. X - b (3.21)
and °¢=% . (3.22)

For p # 1, eq. 3.19 contains the eight identities of eq. 3.15. Only

six of these are physically achievable. When r'e’ < ré the six cases are:

"

1
{ 1,17 T1,p
a xl

- 4
n
|Are| =+ k1 Vit - kn vy P
I" - I‘”
1,p 1,1
b A t y! “P n y" “1
rel:_+K Vp - K V1
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rl 17 T2,p

Vo |- omnd How ™

p

|
+
=

e
+
=

{ T 2,1
[ 4
lAre -+ K1 v Y gL

]

= T2,p
ol (3.23)
IAre R v;“P
1 n
f{ ryp = T2l
1 X n ol
|lare |= - k1 LA Ol A

The untenable cases are

n 1 n

r2,1 = rl,p and rz,p = rl,l

since we have stipulated r 4 r . The possible coincidence cases,
a - f of eq. 3.23, are illustrated in the transition of fig. 3.2 and
in the Deslandres diagram of fig. 3.3 which shows the segmented loci.
The distinctness of the segments of the loci has been exaggerated.
There is however no discontinuity of slope at the junction of segments,
the slope becoming rapidly zero or infinity very close to the junction.

For an electronic transition in which r: Vg re' the letters on
fig. 3.3 would be transposed as follows:

a4 e and be—f .




UPPER STATE\

Iu

LOWER STATE

Fig.3.2 Nomenclature of antinode coincidence on potential energy
diagram for fR'< fo

o

.
N

e

\6’
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locus of
terming! antinodes

/ locus of p™ antinodes

//
locus of

terminal antinodes

locus of pth antinodes

-———-——br

Fig.3.3 Positioning of antinode coincidence on v'v" plane for fg < fe
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For p = 1 eq. 319 contains the four identities of eq. 3.15.

Three of these are physically achievable. When rg < ré the three
cases are:
a and b) ri’l = rf,l
¢ and d) ri’l = rg,l (3.24)
e and f) r;’l = r;,l

These cases are illustrated by the transition in fig. 3.4 and in the

Deslandres diagram of fig. 3.5.

3.4 The Form of the Loci of Antinode Coincidence

The loci arising from the coincidence of pairs of antinodes has
been calculated for the transitions listed in table 3.2 by solving
eq. 3.19 numerically for pairs of v!v" values. If coincidence of
pairs of antinodes alone controls the magnitude of the overlap integral,
then the largest values will occur when terminal antinodes coincide
(p =1, i.e. eq. 3.24). There will be lesser maximum values when a
terminal antinode coincides with a subsidiary (p # 1 in eq. 3.23).
Nicholls (1963a) suggests that this describes the pth Condon locus.

The graphical appearance of the solution to eq. 3.19 is largely
dependent on the size of A r, . Eight transitions have been studied

)
with Zkrb ranging from zero to 0.397 A . Three cases representative

0
of small (0.049 A znd 0.051 R), medium (0.1069 A) and large (0.2233 R)
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aandb cardd eandf

L

Fig.3.4 Transition illustrating primary locus

VII

VI

Fig.3.5 Segments of primary locus
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values 0f'£>re are discussed in detail in section 3.5, the other
cases are discussed in Appendix 1.

The results may be summarised as follows:

At zero A re (eg. Gal Appendix 1.4) there are no ¢ and d segments,
but a and e, and b and f which are separated for all but the coincidence
of terminal antinodes. The sections a and e are coincident due to the
symmetry of the antinode loci, as are b and f. The primary locus
(p = 1) is a single line on the v!v'" plane close to v! = v', The
secondary locus (p = 2) consists of a line on each side of the primary
locus. The subsequent subsidiary loci (p = 3, 4 ...) are pairs of
lines external to the lower order loci. There is no nesting of loci.

At slightly larger A r, (eg. MgH section 3.5.1) segments ¢ and d
are very short, and sections a and e slightly separated, as are b and f.
The primary locus consists of two lines which are very close near
v! = v" = 0 and open out at larger v! and v". Each subsidiary locus
consists of two slightly open three-segment loci, one each side of
the primary locus.

At larger A r, (eg. CH' Appendix 1.1 and CO section 3.5.2) the
loci become broader and cross each other. The internal limbs of
the secondary locus, for example, lie for the most part inside the
primary locus.

This trend is continued with increasing A rg (eg. CO" Appendix
1.2 and Cp section 3.5.3), segments ¢ and d increasing in length
and the internal limbs of each subsidiary locus crossing inside the

region described by the primary locus.
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At very large Are (eg. 0, Appendix 1.3) segments ¢ and d occupy

most of the v!v" array and each segment is crossed many times.

In the remaining part of this chapter the three representative
transitions are discussed in detail. The suggestions put forward
in their discussion are also based on the transitions discussed in
Appendix 1. The arrays of calculated loci of antinode pair coin-
cidence are compared with the arrays of overlap integral and measured
band intensities where available. The overlap integral arrays are
those calculated by Aiken (1951). The entries which are of large
modulus compared with their neighbours are underlined and connected
by curves which are the Condon loci. The Condon loci are also

indicated on the intensity arrays.

3.5 Detailed Examination of Representative Types of Transition

3.5.1 MeH C2MT->Xx2% and A2 »x25

These two band systems are very similar and will be examined

together. The A re values are very small (0.049 g and 0.051 g
respectively) and have been chosen to illustrate the validity of our
approximate form of the Franck-Condon Principle in this region.

The systems occur in the flame of burning magnesium in air,
and in the absorption spectra of sunspots. No intensity measurements
are available but five bands of the C =X system, and eight bands of
the A=~»X system are known (tables 3.3 and 3.4). The former lie
in the ultra-violet region of the spectrum ( A ~ 2500 X) and the

0
latter in the red (A ~6000 A).




Table 3.3

Observed Bands of MgH C-+X (Pearsec and Gaydon 1950)

Table 3.4
Observed Bands of MgH A—X (Pearse and Gaydon 1950)
V”
v! 0O 1 2 3

0 X X X
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On the arrays of overlap integral (tables 3.5 and 3.6) both
systems show a primary "closed!" Condon locus,A typical of small A L P
This locus lies along the main diagonal for the A — X system, and
slightly inclined to higher v" for C —> X. An interesting difference
between the two arrays is the occurrence of a subsidiary locus of
high overlap integral entries in the C — X transition array. This

liesalong the Av = v! - v"' = -3 sequence.

Figs. 3.6 and 3.7 show the loci of antinode coincidence calculated

by the method outlined in section 3.3 of this thesis. Both systems
exhibit slightly open loci of the coincidence of pairs of primary
antinodes straddling the main diagonal. That of A — X is almost
symmetrical about the main diagonal, but that of € —> X is slightly
inclined to lower v", i.e. in the opposite direction to the overlap
locus. The loci of coincidence of terminal antinodes with internal
antinodes lie outside the primary locus due to the shortness of the
curved sections c¢ and d.

The relationship between the calculated loci and the Condon loci
is not immediately apparent and it is necessary to examine each con-
tribution to the overlap integral. v" progression plots of overlap
integral for the C —» X array are given in fig. 3.8. The systematic
progression of the shape of the plot is due to the consistent nature
of the entries on each diagonal. Table 3.7 is an examination of each
entry of the overlap integral array. The signs of the wave functions
at the relevant antinodes are given, the sign of the product of the

antinodes in coincidence, and the sign of the overlap integral.




0 1

0 0.9717 -0.2353

T~

1 0.2181 0.9161

2

0.0865  0.2867

0.0247  0.1434

0.0084  0.0471

0.0025  0.0182

0.0008  0.0059

0.0002  0.0021
-

0 1
0.9710 -0.2384
0.2;;;\\‘ghg;gg
0.0640  0.3089
0.0157  0.1069
0.0039  0.0304
0.0009  0.0085
0.0002  0.0022
0.0001  0.0006

Table 3.5

Overlap Integrals of MgH C — X

2
-0.0116
-0.3344

3.8598
0.3242
0.1937
0.0711
0.0303

0.0107

3 4

0.0161 -0.0012
-0.0164 0.0319
-0.4101 -0.0181
0.8032 -0.4726
0.3433 0.7467
0.2383 0.3492
0.0956  0.2775
0.0446  0.1200
Table 3.6

5
-0.0010
-0.0029

0.0498
-0.0171
-0.5255

0.6907

0.3450

0.3114

Overlap Integrals of MgH A — X

2
0.0158
-0.3332
0.8550
0.3591
0.1456
0.0466
0.0144

0.0041

3
0.0050
0.0286

-0.4028
0.8033
0.3928
0.1810
0.0637

0.0213

4
~0.0011
0.0097
0.0420
~0.4588
0.7498
0.4151
0.2132

0.0815

5
-0.0000
-0.,0025

0.0149
0.0562
-0.5055
0.6977
0.4289

0.2425

6
0.0002
-0.0023
-0.0053
0.0694
-0.0134

-0.5707
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7
0.0001
0.0005

-0.0042
-0.0086
0.0902
~

-0.0074

0.6355 ~-0.6901

0.3325

)
0.0000
-0.0001
-0.0044
0.0205
0.0710
-0,5451
0.6470

0.4359

~—~
0.5815

7
-0.0000
0.0001
-0,0002
-0.0067
0.0263
0.0865
-0.5792

0.5977



Fig.3.6 Loci of coincidence of antinode pairs,

MgH C—X
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Fig.3.7 Loci of coincidence of antinode pairs,

MgH A-—X
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Fig. 3.8 Progression plots of overlap integral of MgH C—X
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Table 3.7

Examination of Contributions to the Overlap Integral
of MgH C — X system
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3.5.1a The Comparison of Overlap Integral with Antinode Coincidence

The bands on the main diagonal all have large positive overlap
integrals (table 3.5). They all closely represent coincidence of pairs
of left hand terminal antinodes (table 3.7), which give a positive
contribution to the overlap integral (eg. band 3, 3). The coincidence
of right hand pairs of terminal antinodes also gives a positive con-
tribution (eg. band 4, 3), but in this case A v # 0 so the contribu~
tion is less and no second arm of the primary Condon locus appears.

Below the main diagonal (v!>v") all the overlap integrals
are of positive sign, while above (v!'< v") there are both positive
and negative values. It is suggested here that the contribution to
the overlap integral due to partial overlap between terminal antinodes
is greater than that due to the overlap of a subsidiary antinode with
a terminal antinode (eg. the value for 7, 3 is +ve, while -ve is
expected if the overlap integral is dominated by the overlap of a
terminal and secondary antinode).

The sequence A v = v! - v" = =1, also represents close coin-
cidence of pairs of left hand terminal antinodes. The contribution
to the overlap integral is large and negative, the overlap integral
array showing the same feature (eg. 2, 3).

The coincidence of the right hand terminal antinode of the upper
state with the right hand secondary antinode of the lower state
adequately represents the form of the overlap integrals of the

Av = v! - yv" = -2 sequence. This contribution which is negative
appears to be much larger than the positive contribution due to the

partial overlap of pairs of left hand terminal antinodes (eg. 1, 3).
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The adjacent sequence A v = -3 is notable due to the overlap
integrals of its members being larger than those of their neighbours.
This is the general criterion for the specification of a Condon locus.
This diagonal is associated with the partial overlap of two pairs
of antinodes; the terminal left antinode of the upper state with the
secondary left antinode of the lower state, giving a positive con-
tribution to overlap integral; and the terminal right antinode of
the upper state with the secondary right antinode of the lower state,
giving a negative contribution to the overlap integral (eg. 2, 5).

The former case of coincidence appears to give the larger contribution
as the overlap integrals are all positive. This is probably due to
the smaller value of v! involved and hence greater size of the loop

of the wave function,

The sequence O v = vV - v" = -4 is adequately represented by
the coincidence of left hand primary and secondary antinodes mentioned
in the previous paragraph (eg. 1, 5).

The apparent Condon locus at A v = -3 must be concluded to be
due to the abnormally small overlap integrals along the A v = -2
diagonal caused by the opposing contributions of the partial overlap
of two pairs of antinodes.

A similar study has been made of the A —> X transition, but from
it nothing can be added to the comments above.

We are able to conclude that the primary Condon locus in the
case of small change in internuclear separation is due to the coin-

cidence of pairs of terminal antinodes. The size of other overlap
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integrals on the array can be interpreted as the overlapping of
other pairs of antinodes. Apparent external Condon loci are due to
the smallness of neighbouring overlap integrals, rather than the

magnitude of their own entries.

3.5.2 0 AT 5x!5 Fourth Positive System

This well-known system has been chosen to illustrate the
validity of the approximation at intermediate values of Zkre
(Arg = 0.1069 §).

Over one hundred bands of this system are found in emission.
They lie in the ultra-violet region of the spectrum ()\AJZSOO X).
Some of the short wave length bands are found in absorption.

The overlap integral array, table 3.8, of this transition shows
the familiar nested Condon loci, the primary locus comprising the
largest entries. Primary, secondary and tertiary Condon loci are
also clearly defined on the array of observed bands of table 3.9.

The coincidence of antinode pairs has been calculated to high
quantum numbers (v! = 20, v" = 30) and high antinode numbers (p = 8).
The calculated loci are given in fig. 3.9. The primary Condon locus
is closely represented by the coincidence of terminal antinodes; the
secondary by the internal segments (a and f) of the coincidence of
a terminal antinode (p = 1) of the vibrational wave function of one
state with a secondary antinode (p = 2) of the other state as suggested
by Nicholls (1963a); the tertiary by a similar coincidence of primary

and tertiary antinodes.
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Table 3.8

0.4593—0.4683—0,4198 ——0,3462
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-0.5496 -0.3718

0.5632 -0.0292
~0.4285 \ 0.4003
0.2483 gglglgg
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0.0270 -0.2189
0.0014  0.0722
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Overlap Integrals of CO A = X

0.2689 0.1995 0.1427
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3.5.3 Cg B3TT = X3TT Fox-Herzberg System

This ultra-violet system of Co ( M~ 3000 K) has been chosen
to illustrate the validity of the approximation at large values of
A re, ( Arg - 0.2233 R).

No intensity measurements are available but the fourteen observed
bands (table 3.10) fall on a broad curve at low v!. The overlap
integral array (table 3.11) exhibits broad nested Condon loci. It
appears that the primary Condon locus suffers a change in direction
at v! = 6, v" = 0; the secondary at v! = 6, v" = 2,

The primary Condon locus is successfully represented by the
calculated locus of the coincidence of terminal antinodes (fig. 310).
The sharp turn at 6,0 is the junction point of the curved sections
c,d and a,b. The secondary Condon locus is represented by the cal-
culated sections c,d and a of the coincidence of a terminal and
secondary antinode. Again the sharp turn in the Condon locus comes
at a junction point. The tertiary Condon locus is similarly well

represented by the calculated locus involving a tertiary antinode.

3.6 Additional Remarks on the Geometry of the Primary Condon Locus

The primary Condon locus proposed by Nicholls (1962b) arose from
a simple consideration of the coincidence of classical turning points
of a simple harmonic oscillator. The locus is described in terms of
a single skewed displaced parabola. On the other hand the locus
described by eq. 3.24 is more realistic as it represents the coin-

cidence of terminal antinodes of the vibrational wave functions.




v!

v

0

Observed Bands of C3 B — X (Phillips 1949)

v

v

Table 3.10

X X X
X X X
X X
X
Table 3.11

Overlap Integrals of Co B —» X

0 1
0.0527  0.1146
-0.1396 -0.2517
0.2540  0.3585
~0.3660 —0.3641
o.441z///6.2419
~0.4592 -0.0293
gégizz -0.1952

-0.3352  0.3555

2
0.1834
-0.3265
0.3301
-0.1792
-0.0724
0.2670

0.1420

3 4
0.2484  0.3008

-0.3459 _ -0.3091

0.2210 0.0574

0.0498  0.2117

-0.2554 —=0,2409

0.2387 0.0243

-0.0274 0.2077

-0.2033 -0.2325

5

6
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7

0.3356—0.3513-—0,3491

-0.2287
-0.0975
0.2580
-0.0930
-0.1712
0.2233

~0.0203

-0.1234

-0.0124

-0.2058—--0,2514

0.1989
0.0813
~0.2308
0.0671

0.1772

0.0778
0.1976
~-0.1530
~0.1143

0.2077
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Fig.3.10 Loci of coincidence of antinode pairs,
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This locus consists of three distinct sections which join
smoothly. Their slopes change rapidly near the junction points
giving an appearance of discontinuity of slope. This point is of
no practical value as points on the Condon loci are defingd only
at integral values of v! and v". However, it is clearly not
feasible to describe the Condon locus defined by the three parts
of eg. 3.24 by a single equation.

The form of the locus has been shown in fig. 3.5 which is
repeated here (fig. 3.11) for convenience. We have seen that this
corresponds closely to the primary Condon locus except when Are
is very small and when v is large assuming that a simple harmonic
potential is valid. It is possible that important information

concerning the two states of the transition may be found from the

triangle AOB (fig. 3.11). The point A is given by

lArel =K' v} Lo I (3.25)
and B by
o
IAre|: K" VI 1. (3.26)
The sides of the triangle are
n 1 n
o = vl = ArJl K"/2 wd M1/2 ay, (3.27)
n n/2
OB = v" = l&renl k 1/2 032 / ay (3.28)
2n 1 1 1
and AB = [Are 1 k™t af (We 4 we nl)] 2, (3.29)
Equations 3.27 and 3.28 give a method of finding Are, a parameter

which is not known for all transitions. The equilibrium internuclear
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separation is usually known for the ground state of a molecule from

the infrared spectrum, hence the value of r_, for the upper state

e
may be found. Such calculations have been found to be of little
value as the points A and B are never clearly defined on an intensity
array.

The ratio of the sides OA and OB of the triangle gives the

tangent of the angle ABO or the inclination of the locus in the

viv" plane;

' n
tan ABO — (We )"L/2 (3.30)
w"
e
.\ .895
ny is given as 1.79 (table 3.1 ) giving an inclination of (£2£)°

, T
~instead of (ﬁ%§)0°5 as found by Manneback (1951).
The width of the locus can be measured in terms of the length
of the side AB of the triangle (eq. 3.29). This is a function of Arg,

M5 W' andw," , not A r, alone as is generally understood. We

propose this length as a realistic transition parameter which describes

the shape of the primary Condon locus.

3.7 A Simple Method of Finding the Subsidiary Condon Loci

In the identification of bands of a spectral system the positions
of the Condon loci are of greater practical interest to many users
than the Franck-Condon factors. We therefore suggest a simple method
of locating the Condon loci without the lengthy and costly computation
of wave functions and overlap integrals. For simplicity we chose

a parabolic potential.
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Firstly the potential curves of the upper and lower states must

be plotted on a scale of v versus r. Using the equations

U= 2m2 ) czwé (r - re)2 s (3.31)
and E=hc we (Vv+3) (3.32)

for one state a point on the parabola is found at a convenient value

of v. Another point is made at v = —%, r = ro. From these two points
the potential parabola is easily constructed graphically. The potential
curve of the other state is similarly constructed.

The positions of the antinodes are now found for each value of v
by dividing the width of the parabola by v and marking off the distance
between the points on the parabola. The points on the parabola
approximately represent the positions of the terminal antinodes,
and the points made between them represent the internal antinodes.

In this way all the antinodes of both states may be found.

A procedure described in detail in Chapter 4 section 4.4 is now
followed to locate the values of v! and v" at the coincidence of
relevant pairs of antinodes. The loci drawn on the viv" plane closely
represent the Condon loci calculated by more sophisticated and costly
methods.

Our method has been tried for the CO Fourth Positive System.

The results are shown in fig. 3.12 which is in very good agreement

with fig. 3.9,
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Fig.3.12 Approximate loci of coincidence of antinode pairs,

CO A—X




CHAPTER 4

CONDON LOCI AND THE MORSE POTENTIAIL MODEL

4,1 The Morse Model of a Diatomic Molecule

The motion of a diatomic molecule can be safely represented
by a harmonic oscillator only close to the equilibrium position

and for low quantum numbers. The expression
U(r-re) =D (1 - P - re))2 (4.1)

proposed by Morse (1929) is a closer representation of the potential
at other values of r. In this expression D is the dissociation
energy referred to the minimum (fig. 4.1) and P is an anharmonicity

parameter given by

p=(n?c /u./Dh)% W, - (4.2)

A solution of the one-dimensional Schrodinger equation when U(r) is
of the form of eq. (4.1) is the set of vibrational wave functions

(Morse 1929),

k-2v-1

Y () = Ny e -z/2 z (k-2v-1)/2 Lk—v—l(z) (4.3)

54
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Fig.4. Potential energy of a Morse diatomic molecule




h
where Lk—ZV—l (Z) _ (_1)VZV (_1)p (;) _r\_glji)_ Zv—p b (4-4)
p=0

k-v-1 P (k-v-p)

Ny = [o<(k -2v - 1)/vi P (k - v)]% R (4.5)

seke P (4.6)

k=We/We Xe > (4.7)
and D =

W2/ 4We xe - (4.8)

4.2 Wave Functions, Overlap Integrals and Franck-Condon Factors

The Morse wave functions of many molecular states (Nicholls 1962a)
up to the highest vibrational levels known have been calculated at
0.01 X intervals at the Computing Center of the National Bureau of
Standards, Washington. Overlap integrals between all possible
pairs of wave functions of a transition were evaluated and squared.

These data were kindly made available for the present work.

4.3 Reduction of Antinode Position to Algebraic Form

In an attempt to follow the same procedure as section 3.2 the
wave functions Yv of all the bound vibrational levels computed
for the X3Z and B3 states of the Op molecule were plotted

against r to find the positions of the antinodes, r Attempts

D -
were made to find a simple empirical algebraic relationship between

. . . _ n
rp and v in analogy with the expression v - b p = ap lgl P

(eq. 3.8) found for the antinodes of the harmonic wave functions.

No simple expression was found which would apply to all values
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of v and p for all molecular states. It was thus found necessary
to resort to a graphical method for locating the coincidence of

antinode pairs.

4.4 Graphical Method for Locating the Coincidence of Antinode Pairs

A graphical method for locating the coincidence of the turning
points of the classical motion of an anharmonic oscillator was used
by Condon (1926). The method has been extended here for use with
any desired pair of antinodes. The positions of the antinodes
were found from the calculated wave functions either by plotting
them or by inspection, and plotted on a graph of v against r. The
points of each antinode number p were joined by straight lines
(fig. 4.2).

For each transition studied the antinode positions of the
upper state were plotted on transparent paper, of the lower state
on opaque paper. The v! and v" values (not necessarily integral)
corresponding to the alignment of antinode pairs could them be
easily found. This alignment was found, as in the harmonic case,
for the terminal antinode of one state with terminal and subsidiary

antinodes of the other state.

4.5 Loci of Antinode Coincidence

The loci of antinode coincidence are again six-segment curves
on the viv" plane as shown in fig. 3.3 for p = 2, 3 ... and three-

segment curves for p = 1 (fig. 3.5). The terminology used is that
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shown in figs. 3.2 and 3.3. In the following section of this chapter
the loci are examined for three transitions representative of small
(0.012 K), medium (0.1069 g) and large (0.2233 R) A ro. Our con-
clusions are based on these transitions and seven others discussed
in Appendix 2.

The data for the transitions studied are given in table 4.1.
The loci of antinode coincidence are compared with the Condon loci
found from the Franck-Condon factor arrays and the band intensity
arrays. The negative number following each entry in the factor
arrays is the power of ten by which the entry is multiplied.
Arrays of measured emission band intensity are given where available

unless already given in Chapter 3 or Appendix 1.

4.6 Detailed Examination of Representative Types of Transition

4.6.1 Mgl BlS - xl3 Green System

Twenty-three bands of this system lying in the visible

region ( A ~—5000 X) are known in emission. The system is typical
of a small A re (ADrg = 0.012 X) having a marked 0,0 sequence.
The observed bands (table 4.2) all belong to the 0,0 and 0,1 sequences.
The Condon locus of the Franck-Condon factor array (table 4.3) is
confined to the main diagonal.

The calculated loci of antinode coincidence are shown on fig. 4.3.
The subsidiary loci are in pairs external to the primary locus which
lies about the main diagonal. The contribution to the overlap
integral due to the coincidence of terminal pairs of antinodes

along the calculated primary locus add to give high values along
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Table 4.2

Band Intensities of Mg0 B — X (Mahanti 1932)

v
v

10

11

12

13

01 2 3 4 5 6 7 8 9 10 11 12 13
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Fig.4.3 Loci of coincidence of antinode pairs,

MgO B—X




o4

the main diagonal. Thus the primary Condon locus is well explained
as due to the large contribution of overlapping terminal loops of
the vibrational wave functions.

4.6.2 co alll 5 xls® Fourth Positive System

The simple harmonic oscillator model of this system was
discussed in Chapter 3 section 3.5.2 and the semi-quantum form of
the Franck-Condon Principle found to apply well with a medium value
of & re ( Arg, = 0.1069 R). The positions of observed bands will be
found in table 3.9. Franck-Condon factors of the Morse model and
the calculated loci of antinode coincidence are given in table 4.4
and fig. 4.4 respectively.

The primary Condon locus lies very close to the locus of the
coincidence of terminal antinode pairs. The secondary Condon locus
lies along the internal branches of the calculated secondary locus.,
The tertiary and quaternary Condon loci are equally well given by
branches of the loci of coincidence of terminal and relevant sub-
sidiary antinode pairs.

4.6.3 Co B3 —» xX3W Fox-Herzberg System

This system was discussed in Chapter 3 (section 3.5.3) and
is representative of large values of Ar, (Are = 0.2233 X) The
location of observed bands is to be found in table 3.10. Franck-
Condon factors for the Morse oscillator model are given in table 4.5.
The calculated loci of antinode coincidence are shown in fig. 4.5.
The primary Condon locus is well represented by the sections c, d and

e, f only of the locus of coincidence of terminal antinode pairs
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Fig.4.4 Loci of coincidence of antinode pairs,

CO A—=X
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giving the asymmetrical nature of the Condon locus. The subsidiary
Condon loci are equally well represented by the d and f sections

of the calculated subsidiary loci.



CHAPTER 5

CONCLUSIONS

The study of Condon loci of diatomic molecular spectra described
here has shown that the location of strong bands of a system is
largely determined by the overlapping of pairs of antinodes of the
vibrational wave functions. As stated by Condon the strongest bands
occur at the condition of maximum overlap of terminal antinodes.

These bands define the primary Condon locus. We have found that

the subsidiary Condon loci are defined by the maximum overlap of

a terminal antinode of one vibrational state and an inner antinode

of the other state. Thus the largest contribution to the overlap
integral is from a single pair of overlapping loops of the vibrational
wave functions.

In the extreme and unusual cases of very small and very large
equilibrium internuclear separation difference these general con-
clusions are not applicable. In the former case there is cancellation
in the overlap integral between wave functions with an odd difference
in vibrational quantum number. No nested Condon loci can be defined.
In the latter case the important vibrational quantum numbers are so
high that the individual loops of the wave functions are of minor

significance. Here nested loci are not clearly defined. In both
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these cases the complete overlap integral must be considered in
locating the strong bands of a system.

A transition parameter depending on the equilibrium internuclear
separation of the two electronic states, their classical vibrational
frequencies, and the reduced mass of the molecule has been defined.
This parameter describes the shape of the primary Condon locus.

A method has been described for finding the approximate positions
of the Condon loci for the wide range of Are in which the maximum
contribution to the Franck-Condon factor is from the overlapping
of a pair of antinodes of the vibrational wave functions. This
approach can be of use in the identification of observed bands of

a system, and in the observation of unrecorded bands.



APPENDIX 1

Al Further Results of the Examination of Condon Loci Using the

Simple Harmonic Oscillator Model

The transitions discussed in Chapter 3 (section 3.5) are
representative of small, medium and large values of A ro. The
conclusions concerning them are based on a study of four more
transitions which are included in this Appendix. They are:

GaI AT »xlZ+
ci” Al 5 xizZ*t,
cot  A2T —» x25

and 09 B3Z . - X3Z;
the molecular data for which are given in table 3.2. The transitions
are treated in order of increasing A ro but the apparently anomalous
case of zero Ar, is treated last.

From this section of the study we base our conclusions that the
approximation we have made to the Franck-Condon principle breaks

down at very small and very large values of A r, for the reasons

outlined in the relevant sections.
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+ 0
At ot atm o x1Z7 (ar, - 0.10356 A)

Four bands lying in the violet region of the spectrum are
observed in emission. Their location on the v'!'v" plane is given
in table Al.l, no intensities being available. This system is of
astrophysical interest because certain lines are observed in the
absorption spectra of some stars and interstellar space.

The overlap integral array (table Al.2) shows a slightly open
primary Condon locus. One branch lies along the A v = v! - v" = 1
diagonal and has negative overlap integrals. The other branch of
the primary Condon locus is inclined to the main diagonal with
v" > v!, and has positive overlap integrals. There are two apparent
external loci along the Av = v! - v" = 4 and 6 diagonals. The

Av = 4 diagonal has negative entries, the A v = 6 diagonal positive.
The Condon loci given in table Al.2 correspond closely to the

loci of antinode coincidence shown in fig, Al.1 as follows:

(a) the A v = 1 branch of the primary with coincidence between pairs
of left hand terminal antinodes (segment a,b) and coincidence
between right hand pairs of antinodes (segment f) the secondary
antinode of the upper state, and the primary antinode of the
lower state.

(b) the v" Y v! branch of the primary with coincidence between left
hand pairs of antinodes (segment a) the primary antinode of the

upper state with the secondary antinode of the lower state.
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Table Al.l

Observed Bands of CH™ A -+ X (Pearsc and Gaydon 1950)

vll
vt 0 1 2
0 X X
1 X
2 X

Table AL.2
Overlap Integrals of CHY A = X
v"
vt 0 1 2 3 4 5 4] 7
0 0.8412 0.4317 0.2719 0.1489 0.0838 0.0450 0.0243 0.0128
1 —0.52535\\8Tg§§7\"0.429l 0.3691 0.2397 0.1558 0.0931 0.0550

2 0.1167 -0.6689 0.3185 0.33227=0.3947 0.2969 0.2203 0.1448

3 0.0411 0.2193 =0.7185 0.1342 0.1961 0.3682 - 0.3178 0.2092

4  -0.0324 0.00640 0.3230 -0.7082 0.0042 0.0503 0.3002 0.3041
5 0.0019 -0.070L  0.0740 0.4200 -0.6565 -0.0737 -0.0866  0.2239
6 0.0052 0.0073 -0.1157 0.0696 0.5030 -0.5781 -0.1044 -0.2026

\
7  -0.00l6 0,0128 0.0179 -0.l66L 0.0507 0.5667 -0.4849 -0.0948




Ic,id “2¢
1 \e,l;.

2 la,lb 2a ™~

Fig Al.l Loci of cointidence of antinode pairs,

CHY A-X
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(c¢) the &v = 4 diagonal with coincidence between left hand pairs
of antinodes (segment b) the secondary antinode of the upper
state with the primary antinode of the lower state, and with
coincidence between right hand pairs of antinodes (segment f)
the tertiary antinode of the upper state and the primary antinode
of the lower state.

(d) the Av = 6 diagonal is also associated with the coincidence
between the left hand pairs of antinodes (segment b) mentioned
above and with the coincidence of left hand pairs of antinodes
the upper antinode being the tertiary, the lower antinode the
primary (segment b).

Table Al.3 is an examination of the sign of the contribution
to the overlap integral due to the coincidence of pairs of antinodes
for v =0 -7, v" = 0 - 2. It is clear that the above comments
concerning the primary Condon locus are substantiated, while the
apparent subsidiaries are due to the cancellation of ‘opposing con-
tributions in neighbouring entries. These conclusions are identical
to those reached in the study of the MgH transitions discussed in

section 3.5.1.

Al.2 ¢co' A%TT = x2Z Comet Tail System (Arg = 0.12862 X)

This system is of astrophysical importance as it is emitted by
the tails of comets. Twenty-nine bands lying throughout the visible
and in the near ultra violet region of the spectrum (A~ 6000 - 3000 X)

are known in emission. Their intensities are given in table Al.4.
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Table Al.4

Band Intensities of CO™ A —> X (Pearse and Gaydon 1950)

v"

v? 0 1 2 3 4
0 3 6 ——7
1 8/ 5 3
2 1%) 5 1
3 9 2 1/
| I
4 8 2 3
s o6 2 b
6 } 4 \
7 2 2 1
8 1 2
9 1

10 0 \\\l

11
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The observed bands are confined to the left hand portion of the
Deslandrcs table and it is possible to distinguish the paths of
primary and secondary Condon loci.

The overlap integral array (table Al.5) shows three Condon
Joci nested in the conventional manner typical of the medium CSre
value. The loci are, however, not symmetrical about the main diagonal,
or even roughly so, as much of the literature infers (Herzberg 1950
p. 198). The primary Condon locus is confined to the v! = O pro-
gression from v" = 2 - 5. From v! - 2, v = 0 the locus drops
steeply to vV = 7, v = 2, Thus there is a distinct "corner" at
v! = 2. The subsidiary loci are of similar shape.

Fig. Al.2 shows the loci of antinode coincidence from which the
Condon loci can be interpreted. The locus of the coincidence of
terminal antinode pairs closely follows the primary Condon locus.
The "corner" at v! = 2, v = 0 already mentioned is close to the
junction of the branches a, b and c, d of the calculated locus.

The secondary Condon locus follows closely the sections a, ¢
and d, and f of the locus of coincidence between a secondary and a
terminal antinode, The remaining coincidences of this locus are
understood to contribute little to the overlap integral due to the
shortness of the overlapping regions of theuvbrational wave functions
and to the large difference in loop sizes of the wave functions
resulting from large difference in vibrational quantum number.

The tertiary Condon locus can be similarly interpreted in terms
of the large contribution to the overlap integral at the coincidence

of a tertiary antinode and a terminal antinode.
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Table Al.5

-Overlap Integral of COT A —+ X

V"
v! 0 1 2 3 4 5 6 7

0 0.2126 0.3394 0.4092— 0.4251—0,4006— 0.3517 0.2924 0.2327

/ \
1 -0.4041 -0.4359 -0.3051 -0.1100 0.0759 0.2137 0.2927 -~ 0.3196
e ~~
2 0.5173 0.2630 -0.0692 -0.2721—-0.3042 -0.2119 -0.0646 0.0812
3 ~0,5108 0.0670 0.3305 0.2459 0.0137 -0.1843 -0.2656 _-0.2314
~
4 0.4081\ -0.3546 -0.2571 0.0889 0.2747—0.2219 0.0398 -~0.1383

\ \\

>~

5 -0.2681 0.4708 ~0.0533 -=0.3097 —0.1574\).1104 0.2467 0.1996
AN
6 0.1437 —0.4173\.\0.3497 0.1892\~0,1703 -0.2622 -0.0890 0.1293
\

7 -0.0604 0.2780 -0.4624 0.1390 0.2884 0.0290 -0.2146 -0.2125
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Fig Al.Z Loci of coincidence of antinode pairs.

CO" A- X
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Al.3 0, B3~ » x3%- Schumann-Runge System ( &rg = 0.397 X)
u g

This extensive system of 0y exists throughout the ultra-violet
region of the spectrum in both emission and absorption. Twenty-nine
emission bands up to A 4372 R are well known. Continuum appears
below A 1759 g setting the ultra-violet limit to spectroscopy in
air. Measured band intensities are given in table Al.6. Most of
the observed bands fall on a primary Condon locus, with two bands
(2,15 and 2,16) possibly indicating a secondary Condon locus.

The overlap integral array for this transition using the harmonic
oscillator model is not available. The transition is of very large
A re giving the strongest bands at high v" values for which the
harmonic oscillator model is a very poor approximation. However,
as a matter of interest, this transition has been studied with both
a harmonic and an anharmonic potential.

The calculations of antinode coincidence were carried out to
high quantum numbers (v! = 20, v" = 30) and high antinode number
(p = 8). The results are shown in fig. Al.3.

Because of the above mentioned features of this transition it
is not possible to relate the loci of antinode pair coincidence with
the Condon loci. It must be concluded that the approximate form of

the Franck-Condon Principle is inadequate at very large A ro values.

Al.4 GaI AW ~» x1Z systema (Ar, =0)
Sixty bands in the blue region ( M~ 4000 R) of the spectrum are
known to belong to this system, which is however overlapped by the

B =X system of the same molecule.
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This system wés studied in detail by Wehrli (1934) in relation
to the Franck-Condon Principle. It has been included in our study
in order to assess his conclusion that only the complete quantum
mechanical analysis of vibrational overlap is valid when & re =0,
this system being one of the few with zero or very near zero difference
in equilibrium internuclear separation.

The overlap integral array for zero Are is not available but
is indicated qualitatively in table Al.7. The unusual appearance
is due to the symmetry of the vibrational wave functions. Odd A v
entries have zero overlap integral (cancellation of odd and even
functions). Even A v entries have finite overlap integral the value
decreasing from the main diagonal. Thus odd Av transitions are
forbidden; even /\ v transitions aliowed.

The array of measured band intensity (table Al.8) shows that
the Gal transition A 2 X is closely one of zero change in equilibrium
internuclear separation. The strong bands appear on the even Av
diagonals and no nested Condon loci can be drawn. However we shall
associate the main diagonal with the primary Condon locus, and pairs
of external diagonals with the subsidiary loci.

The coincidence of antinode pairs calculated by our algebraic
method with Arg = 0 is shown in fig. Al.4. There is coincidence
of primary antinodes along the line close to the main diagonal of
the array. It is important to note that this line coincides with
the main diagonal only if “De' = W,". The inclination of the line
to the v! axis is tan_l(boe"/OJe')nl/Z. The coincidence of central
modes or antinodes, rather than of terminal antinodes, describe the

diagonals.



v"
v!

10

11

Table Al.7

Overlap Integrals of Gal A — X (Wehrli 1934)

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15

X - X - X - X - X
X - X - X - X - X
X - X - X - X - X
X - X - X - X - X
X - X - X - X - X

legend X non-zero overlap integral

- zero overlap integral

86




v
v?

-

10
11

12

87

Table Al.8

Band Intensities of Gal A - X (Miescher and Wehrli 1934)

1"

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1o
10 5 2
8 9 5 2 0
4 9 8 5 2 1 1
10 7 4 3 0 1
7 7 2 4 0 1
3 6 6 3 0 1
4 6 1 3 0
6 1 4 0 1
51 3 1 1
3 2 2 0 1
1 2 0 1
1 2 0 1
1 1
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Fig. Al.4  Loci of coincidence of antinode paifs,

Gal A5 X
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The pair of lines in fig. Al.4 one on each side of the main
diagonal, describe the coincidence of a terminal antinode of one
state with a secondary antinode of the other. These lines are far
from the Av = 2 lines of the overlap integral array, and cannot be
associated with the secondary Condon locus. There is glso lack of
similarity between the lines of primary and tertiary antinode coin-
cidence, and the Av = 4 diagonals.

The effect of a very small Lkre on the loci of antinode coin-
cidence has been investigated. Calculations of the loci with
QAre = 0.002 K yvield six-segmented loci with the ¢ and d sections
very short ( ~ 0.1 quantum number) and the a and e, b and f sections
very close. The nature of the loci is unchanged.

This system is discussed further in Appendix 2.7 where the

Morse model is studied.



APPENDIX 2

A2 Further Results of the Examination of Condon Loci Using the

Morse Qscillator Model

This appendix relates to the results of Chapter 4. Its arrange-

ment and purpose is similar to that of Appendix 1 and the conclusions
concerning the validity of our approximation to the Franck-Condon
Principle are the same. Seven transitions are examined in detail;
these are:

Cal At s xlzr

Np donisation NpB’Eje Ny XTZ',

Mg0 BlZ » alm

cot Aln»x2y

N, ionisation NyC2E'<— Nlez; ,

N, ionisation N;D2 L g x1 Z.g
and 0y B3Z.; —)st;
the molecular data for which are given in table 4.1.

2 ¢«+* + 0
A2.1 N B® ZN «= Ny X'Z,  Rydberg System (Ar, = 0.023 A)

The ionization transitions of nitrogen have been included in our

study due to interesting features in their Franck-Condon factor arrays.
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Some of the transitions have been observed in emission by Takamine
et al.(1938). Five emission and ten absorption bands have been
observed in the vacuum ultra-violet (A~ 700 - 800 8). There has
been no vibrational analysis.

The Franck-Condon factor array (table A2.1) shows a narrow
primary Condon locus lying entirely along the main diagonal up to
v! = v" = 10, The locus broadens at higher quantum numbers and
an inner secondary locus runs from v! = v" = 12, External to these
loci are many entries which are large in comparison with their
neighbours. Of these many lie along diagonals of the Deslandres
table defining additional subsidiary Condon loci. The Franck-Condon
factors involved are, however, very much smaller than those of the
generally recognized Condon loci.

The calculated loci of antinode coincidence are shown in fig. A2.1.
The primary locus is unusual in that it becomes narrow at high quantum
numbers. The subsidiary loci are in pairs each side of the primary.
Their branches intersect considerably.

The e,f branch of the calculated primary locus lies close to the
main diagonal and hence to the primary Condon locus up to its point
of broadening. From v'v: v" = 12 the secondary Condon locus lies
along the main diagonal and may be associated with the calculated
primary locus. The a,b branch lies along the primary locus from its
point of broadening.

The external Condon loci lie along branches of the calculated

subsidiary loci. The existence of these minor Condon loci can be
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Fig. A2l

Loti of coincidence of antinode  pairs,

N; B« N, X
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assumed to be due to the contributions to the overlap integral of

overlapping pairs of loops of the vibrational wave functions.

A2.2 Mg0 BYZ 5 aMT  Red System (Are - 0.127 X)

Forty-six bands lying in the red region of the spectrum (A ~6000 X)
are known in emission. The transition is of medium Are giving well-
defined nested Condon loci on the Franck~Condon factor array (table A2.2).
The strongest bands are also seen to lie on the conventional form of
Condon locus (table A2.3).

The calculated loci of the coincidence of antinode pairs are
shown on fig. A2.2., The primary Condon locus is well represented
by the locus of the coincidence of terminal antinode pairs. The
secondary Condon locus is represented by the internal branches of
the locus of coincidence of a terminal and a secondary antinode.

This case is very similar to that of the CO Fourth Positive
System. The loci of the Mg0Q system are slightly broader due to a

larger Are value.

A2.3 CO" AT -+ X25 Comet Tail System (Ore - 0.12862 A)

The harmonic oscillator model of this system was studied in
section Al.2 of this thesis. The measured band intensities will be
found in table Al1.4. The Franck-Condon factors for the Morse
oscillator model are given in table A2.4 where broad nested Condon
loci are clearly defined.

The calculated loci of antinode coincidence are given in fig. A2.3.
As in the previous cases discussed the Condon loci of this system can

be well represented by selected branches of the calculated loci.
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Table A2.3

Band Intensities of Mg0 B — A (Mahanti 1932)
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Fig. A2.2

Loci of coincidence of antinode pairs

MgO B A

97



FTovy__e-Ge6l-s  TezBL G __yovoel-s TROVETR p-5ee6ey Nﬂmuoﬂ.lﬂv/muamw:Q SPGIEEN o2 e €-2068'8 WGTL 26256 240t o
coiGoveh T BT 0— (-2102°F 20089V — 2598yl 2-0logte  2-6€697) 2-vE98°€  €-7S00°6 oV LzveC  v=Gheez  2-0Lz6eoN\ 2-908c L  2-2BI8*i 6
2650E78__EverLos Fatre T 2hes /Nnm%m# M..m..mw.wp?owo?m mﬂwﬂﬂ/m.mmmoé Nnmx/m.m/m..mowws eSiiece  e-oveLt6  e-lisite €
C=QGV0°C  ZHLOG L ——2-6P6CY  £-18LG6  2-0L16°9 ~—§-9382°*¢ =IICCC  z-gvsc°L Nlommm o 2-loS9°L  2-98Y9°G  £-6VGL¢ 5=9t086  2-G51€°S L
\vSGLL  €=96cL8  =Gi0%y  B-LETGE — E=C6YEY 2-LEl0"C T 2-L6LEry __zmtoret Lo~ g 662k 2 TEOT. c<elér  2-06GEv8_ 26968 9
1 —CZ3P T 1035 1 __zsekleg £-09L6°z  Z-1E9L-8 T 26286 __{-695°G 21958 L~ f-6vle:6 246655 Nmem.m/ gLy 2miLeS o\ - Lgizet ¢
e-vv6zey  -vleocL  ToIBL9TI—-vB92T)  EVEL9Ti -lg9brz  Z-eLEE'6 —e-0t66°1__ z-Ligs e THCOLL  p-gosles  ZIL19°6  €96L°S  1=vQooct -
€-6Os9°r  z-20L1ce  2=90Lg*9  i—ivéEeL  (mi¥elt) — 26y % c=6cC0°L  2=6902°9  Z=BITL6 — (LSBT 2-9£88°9 k gogpel  zmizlzey  STOSTL .
b—6260°2  €-891G°L  €-lgzet8 e-OPize€  2-9628°8  1=0£49°h  I=kvelTl— m..mmmﬁ pmobOGeC - e-YYSY-8 j=0fe0~1  e~olzee e-85k6 g%: 2
-Lygpeg G=6LB0°v ¥=08¢G°¢ ¢-2182°C =6960°1  c=1168°C  2-V266°6 1=G6GLeL  TRTOB"} — 2-G991°6  V-59L9°G  2=29V0°8 —1=Cz8%r  1-9051°} [
G081  L-LS6z¢  9~0fIPe?  G=CEvPer  P-9givee  €-i810°z  €-Ploze6  z-of€ee 2-i¥e9°s v=Seeley  i=IGie e —lesvz 110260, 2=tlzev o

! 2l b Ol 6 g L 9 S v 3 z b 0 LAt

(23961 STIOYDIN) EL TS +.N~N “ uy 00 107 §1079%] Topuo)~youwesJ
¥°3¥ o1qel
86



99

X<y ,00 ‘saiod  apougub  jo WUIPHUILD o PO o7y by
o
b
g
hx ooy |4
9
Pz

s
y
\ ¢

/
P9 [
1
¢ A




100

) + 0
A2.4 Npt C2L* « Ny X1Z  (Are = 0.164 A)

The Franck-Condon factor array (table A2.5) shows broad nested
Condon loci which are asymmetrical about the main diagonal of the
Deslandres table. At high v" there are additional external Condon
loci lying roughly along the diagonals. The Franck-Condon factors
involved are very small, being much smaller than those of the internal
subsidiary loci.

The calculated loci of antinode coincidence are shown in fig. A2.4.
The primary Condon locus lies close to the c¢,d and e,f branches of
the locus of the coincidence of terminal antinodes. The a,b branch
exists at higher v! values than those considered. The appearance of
only two of the sections of the primary locus explains the asymmetrical
nature of the Condon array. The internal subsidiary Condon loci are
well represented by the internal sections (d and f) of the calculated
loci.

The external Condon loci are well represented by the external

branches (e) of the calculated loci.

42.5 N3 D2MTy « Ny X127 (Bre = 0.383 R)

The Condon loci (table A2.6) of this system are very broad and
far separated from the main diagonal of the Deslandres table. The
calculated loci of antinode coincidence are shown in fig. A2.5.

The primary Condon locus is well represented by sections c,d
and e,f of the locus of terminal antinode coincidence. The secondary
Condon locus lies close to sections ¢ and f of the calculated secondary

locus. The tertiary locus lies close to sections d of the calculated
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tertiary locus and E of the quaternary, and close to section f of
the tertiary. The quaternary Condon locus lies close to sections d
and f of the calculated quaternary.

In cases where Are is large the sections ¢ and d are large and
these intersect other calculated loci on the v!v" plane., It is thus
difficult to associate a subsidiary Condon locus with any single

calculated locus.

A2.6 0y B3Z1—1 - X3Z_; Schumann-Runge System (Are = 0.397 R)

This system shows a confusion similar to the No ionisation
transition discussed in section A2.5. The Condon loci of the 0,
system (table A2.7) are very broad and crowded at high v" (~15).

The positioning of the loci is ambiguous, and these are not usually
drawn for this system.

The calculated loci of antinode coincidence (fig. A2.6) show
that the first few loci are recognizable in the usual manner, but
further subsidiary loci (~4 and up) are much confused by the crossing
of calculated curves.

The positioning of observed bands (table Al.6) already discussed
is in good agreement with the Condon loci shown in table A2.7 con-

firming the anharmonic nature of the potential.

A2.7 Gal A3 » x1T systemA (Arg = 0.002 §)
The simple harmonic model of this system has been discussed in
Appendix 1. It was pointed out that the approximate form of the

Franck~Condon Principle is inadequate at zero A re with a symmetrical
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potential function. The effect of imposing an anharmonicity and
small value of Are will be studied in this section.

Table A2.8 is the Franck-Condon factor array of the Morse model
using measured constants and a Are of 0.002 R. The primary Condon
locus lies along the main diagonal up to v! = v" = 4, From this
point its branches diverge, and a secondary Condon locus appears
at vt = v" = 9, To the high v! side of the main diagonal are isolated
entries of larger Franck-Condon factors than their neighbours. These
entries are of very small value compared with those defining the
conventional Condon loci.

The calculated loci of antinode pair coincidence are shown in
fig. A2.7. The sections c¢ and d are very short due to the small
value of A ro used. The sections a and e, b and f diverge from
each other due to the large anharmonicity (ewde Xg = 2.4 cm~1l) of
the upper state. The portion of the primary Condon locus lying along
the main diagonal is well represented by the coincidence of left hand
pairs of terminal antinodes. This coincidence at higher v values
continues to represent the primary Condon locus. The high v" branch
of the Condon locus lies close to the locus of the coincidence of
right hand terminal antinode pairs.

The high v" branch of the secondary Condon locus is well represented
by part of the section f of the coincidence of a secondary and primary
antinode. The low v'" branch which is not clearly defined by high
Franck-Condon factors, cannot be represented accordng to our scheme.
The additional high Franck-Condon factor entries are probably due to

the overlapping of terminal antinodes with subsidiary antinodes.
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The Franck—Conaon factor and intensity arrays are similar only

in the predominance of the main diagonal. There are several reasons

for the lack of similarity between the other diagonals:

(a) the intensity array may not be realistic. The sequences of the
band system are overlapped, and the B system (B3TL+X12_+) of Gal
exists in the same spectral region. The intensity measurements
are only eye estimates of density and there has been no recent
study.

(b) The Franck-Condon factor array may not be realistic. An arbitrary
small non-zero value of Are was chosen which may not have been
correct. However, it is doubtful that a small change in Arg
causes much change in the form of the array. The Morse potential
model used in the calculations has a high anharmonicity constant
influencing the form of the array considerably.

It is concluded that either the intensity measurements are
in error, or that the electronic states are well represented by
parabolic potentials with virtually identical equilibrium positions

(Ore = 0) as discussed in Appendix 1.
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